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Introduction

T HE emergence and consequences of asymmetries in swirling
flows that are initially steady and axisymmetric are exam-

ined. The strength of an isolated vortex in a tube is increased in
a parametric fashion through a critical value, where stability to
three-dimensional disturbances is lost. The flow behavior under-
goes a bifurcation at the critical value from steady and axisymmetric
flow to unsteady and three-dimensional flow. Other computations
of bifurcation phenomena in swirling flows have been presented
by Leibovich and Kribus,1 Reran and Culick,2 and Lopez.3 These
works are limited to bifurcations that only involve axisymmetric
flows.

Axisymmetric base flows serve as initial conditions to a three-
dimensional time-integration algorithm. The minimum axial veloc-
ity component Q (t) is computed and compared with the initial value.
Of particular interest is the characterization of the stability loss and
the relationship between the appearance of asymmetries and the
associated changes in Q.

The computational approach is as follows. First, a pseudo-
arclength continuation (PAC) algorithm2 provides the steady, ax-
isymmetric initial condition for a specified vortex strength V. The
Mach number M and Reynolds number Re (based on vortex core ra-
dius) are held fixed at 0.3 and 2.5 x 102, respectively. No nonunique
axisymmetric solutions are found at Re — 2.5 x 102, consistent
with Ref. 2. The two-dimensional solution is then interpolated
onto the three-dimensional mesh using a fourth-order-accurate cu-
bic spline scheme.4 Then time integration is carried out by the
time-accurate Navier-Stokes (TANS) model. The TANS model is a
special-purpose, time-integration algorithm developed specifically
for this work and is described in Ref. 5. The TANS model em-
ploys fourth-order compact, or Fade, operators6 to discretize spa-
tial derivatives, thus allowing for fewer grid nodes while main-
taining sufficient accuracy. A multiblock grid is used to allow for
a nearly rectilinear arrangement of nodes near the tube center-
line, while near orthogonality is maintained at the tube wall. The
PAC algorithm is implemented with the same boundary conditions
and tube geometry as the TANS model, using a simple algebraic
grid.

The physical domain consists of a two-stage cylindrical tube of
circular cross section and varying radius.2 The first stage contains a
constriction that controls the upstream movement of the breakdown
region. The tube radius (nondimensionalized by vortex core radius)
at the inlet station is fixed at /?0 = 2. The number of nodes in
the computational coordinate directions are (nx, ny, nz), where nx
defines stream wise spacing and ny and nz are equal and define
cross-plane spacing in the y and z directions, respectively. Three
grids are employed in this work. Grid Gl consists of 98 x 412

nodes, grid G2 contains 122 x 612 nodes, and grid G3 uses 146 x 412
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nodes. The nondimensional tube length L for grids Gl and G2 is
20, whereas the tube length for grid G3 is 30. Grid G2 uses axial
clustering in the breakdown region to achieve a minimum axial
spacing of about 0.1 at x = 5. The time step A/ for runs using grids
Gl and G3 is 0.04, whereas runs on the finer grid G2 have a time
step of 0.025.

Axisymmetric, columnar conditions are specified at the inflow
boundary plane. The inlet axial velocity is chosen to be uniform.
The swirl velocity component £5 is modeled from a Burger vortex
and is appropriate for modeling the profiles obtained from a swirl-
vane apparatus7:

i)(0, r, 0) = Vr~l(l — e~1'2} (1)

where r and 0 denote the radial and azimuthal coordinate directions
and V is the vortex strength. A nonuniform inflow density profile
based on columnar flow is prescribed as a Dirichlet condition.5 Slip
is allowed along the tube wall surface, yielding an impermeabil-
ity boundary condition that relates the axial and radial velocities.
Outflow conditions reflect an assumed columnar flow state.

Results
Between V= 1.0 and 1.5, the initially steady, two-dimensional

flow does not evolve in time to an asymmetric flow state. However,
as V is increased slightly to 1.53, the flow becomes three dimensional
and time periodic. As V is further increased, the magnitude of the
asymmetry also increases. This change in stability is attributed to
the crossing of a supercritical Hopf bifurcation point somewhere
between V = 1.5 and 1.53.

The deviations from the two-dimensional initial conditions are
illustrated in Fig. 1, where Q (solid lines of Figs, la-Id) is plotted
vs time for V = 1.5, 1.53, 1.55, and 1.65. In Fig. la (V = 1.5), it
is evident that no appreciable deviation from the initial condition is
present. This is confirmed by monitoring the maximum solution cor-
rection at each iteration. At V = 1.53 (Fig. Ib), the solution departs
from the initial condition, as evident by the increase in Q as time
increases. The term Q(0 eventually becomes time periodic, but this
behavior is not discernible from the scales of the figure. Periodicity
is confirmed using phase plots of the three velocity components at
a fixed centerline node near x = 1. At V = 1.55 and 1.65 (Figs. Ic
and Id), much larger deviations are evident.

The effect of grid resolution, time step, and tube length are also
illustrated in Fig. 1. Figures la-lc show how grid refinement from
Gl to G2 affects Q. At V = 1.5, resolving the grid from Gl to
G2 results in a slight decrease in the time-asymptotic value of Q.
However, the flow remains steady and axisymmetric. At V = 1.53,
grid refinement results in a more pronounced transient response,
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Fig. 1 Temporal behavior of Q, grid and time-step sensitivity and tube
length L sensitivity: a) V = 1.5 (Gl: coarse grid, G2: fine grid, L = 20),
b) V = 1.53, c) V = 1.55, d) V = 1.65, e) effect of time step for V = 1.55,
and f) effect of tube length for V = 1.53 (G3: coarse grid, L = 30).
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Fig. 2 Evidence of a supercritical Hopf bifurcation.
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possibly representing a slight shift of the Hopf point to smaller
values of vortex strength. The sensitivity to grid refinement appears
to diminish as vortex strength is increased away from the Hopf
point, as evident in Fig. Ic. Figure le shows that reducing the time
step from 0.04 to 0.025, with grid Gl, has a negligible influence on
the transient behavior of Q. This suggests that the differences in Q
evident in Figs, la-lc are due primarily to grid refinement and not
to the reduction of the time step. Finally, the effect of tube length is
shown in Fig. If, where increasing the tube length L from 20 to 30
appears to have a small but negligible effect on Q.

The nature of the Hopf bifurcation is illustrated in Fig. 2. To iden-
tify the onset of three-dimensionality, a global parameter H is con-
structed and is defined to be the maximum absolute value of dv/dO.
The term H is nonzero when the flow is asymmetric. In Fig. 2a,
H abruptly departs from zero between V = 1.5 and 1.53. Within
this range of V, fully three-dimensional solutions bifurcate from
the branch of two-dimensional solutions when the two-dimensional
solutions become physically unstable. Flow unsteadiness and asym-
metry are characterized by another parameter £2, which is defined
as the minimum and maximum values of the sum of the cross-plane
velocity components along the tube centerline. By definition, Q is
zero for an axisymmetric flow. In addition, since the cross-plane ve-
locity components are unsteady, periodic functions (past V = 1.5),
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Fig. 3 Particle traces showing development of three-dimensionality with increasing vortex strength: a) V = 1.5, b) V = 1.53, c) V = 1.65, and d)
V=2.3.
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£2 characterizes the degree of flow unsteadiness by representing the
largest amplitude of the cross-plane velocity sum along the center-
line. Figure 2b shows that £2 departs from zero at the same value of
V that the flow becomes asymmetric. Thus, Figs. 2a and 2b demon-
strate that flow unsteadiness and asymmetry are intimately linked.
The loss of stability to time-periodic flow is evidence for a Hopf
bifurcation. The bifurcation is supercritical,8 since the amplitude
of the disturbance, characterized by 12, grows from zero as V is
increased past the Hopf point. The initial and final values of Q
are shown in Fig. 2c. A region in V exists where two-dimensional
flows with bubble-type breakdown evolve into three-dimensional,
unsteady flows with no reversed flow. Also, it is of interest to note
that the Hopf point and the appearance of reversed flow occur at
different values of V. Thus, loss of stability is not a consequence of
a gross structural change in the flowfield. Other examples in which
changes in flowfield topology are disassociated from hydrodynamic
bifurcations are given by Lopez.3

The observed increase in Q as the flow transitions from two-
to three-dimensional flow is correlated to a particular asymmet-
ric term in the governing equations. Details of this analysis can
be found in Ref. 5. The correlation requires concepts put forth by
Brown and Lopez9 and Darmofal.10 Brown and Lopez9 established
a necessary condition between the production of negative azimuthal
vorticity fj and the extent of axial flow deceleration. Consequently,
the authors anticipated that the minimum azimuthal vorticity for
the three-dimensional flow would be greater (less negative) than
that of the initial two-dimensional flow, since Q is greater in these
cases. This is indeed the case. At V = 1.5, before the Hopf bi-
furcation, the minimum values of r\ computed from both the two-
and three-dimensional models are virtually the same. However, just
beyond the Hopf point, the minimum 77 is significantly greater in
the three-dimensional flow. A numerical evaluation of asymmetric
terms in the azimuthal vorticity equation is then performed.5 This
equation relates the total derivative of fj to vorticity stretching and
tilting terms.10 Through this evaluation, it is found that the effect of
three-dimensionality on radial vorticity is the principle contributor
to the increase in fj. A region consisting of a positive net change in
radial vorticity exists that serves to attenuate the axial deceleration
process.

Flowfield visualization is performed by calculating the numerical
equivalent of streaklines. Five material points are introduced into the
flowfield at the inflow boundary. The white point lies initially on the
tube centerline, whereas the grey scaled points lie on the y and z axes
at nondimensional distances of ±0.1 from the centerline. The mate-
rial point positions are computed in time from the evolving velocity
field using a first-order-accurate Euler time integration.4 Snapshots
of the time-asymptotic streaklines are shown in Fig. 3; the tube
geometry is omitted for clarity. Figure 3 shows the development
of three-dimensional flow as V is increased past the Hopf bifurca-
tion point. At V = 2.3 (Fig. 3d), the material points deflect off-axis
in a well-defined helical-type structure, consistent with spiral-type
breakdown. Further discussion of the flow visualization can be found
in Ref. 5.

Conclusions
Time integration of the three-dimensional, compressible Navier-

Stokes equations reveals that when the vortex strength is increased
past a critical value, the time-asymptotic flow changes from ax-
isymmetric and steady to asymmetric and time periodic, indicating
a supercritical Hopf bifurcation. The three-dimensional flows form
a solution branch that bifurcates from the path of two-dimensional
solutions at the bifurcation point. The authors' interpretation of
this result is that the mechanism for the existence of a least one
family of three-dimensional solutions, which possess reversed flow
at sufficiently large values of vortex strength, is the loss of sta-
bility of the axisymmetric base flows. Minimum values of axial
velocity Q are observed to increase as flow asymmetries develop
just beyond the Hopf point. Furthermore, a small range of V ex-
ists where two-dimensional solutions exhibit vortex breakdown but
three-dimensional solutions do not. This attenuation of axial decel-
eration is found by the authors to be the result of a positive net
production of radial vorticity as flow asymmetries develop.
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Introduction

A DVANCED composites in high-temperature environments,
e.g., various aerospace applications, exhibit inelastic behavior

such as creep and plasticity interaction. For example, thermoplastic
composites have improved fracture and damage tolerance properties
owing to the increased matrix ductility. Also, metal matrix compos-
ites show an appreciable viscoplastic deformation in severe thermal
conditions. Therefore, characterizing the viscoplasticity is indis-
pensable for reliable analysis and design of composite structures in
such environments.

However, the intrinsic nonlinearity of viscoplastic phenomena
and the anisotropy of composite materials increase difficulties in
analyzing the viscoplastic behaviors. Many kinds of constitutive
models were proposed to simulate the rate-dependent plasticity
of composite materials. Most of them were modified or/and ex-
tended from classical or the unified viscoplastic models of isotropic
materials.1"3 However, these macroscopic theories fundamentally
have some disadvantages in identifying the constitutive relations.
Mainly, it is difficult and self-empirical to determine the appropri-
ate form of anisotropic functions (or functionals) with vector and
tensor invariants required in a yield criterion, flow potential, dissi-
pation energy potential, etc. From a practical viewpoint, evaluating
various material constants used in the macroscopic equations is very
expensive and time-consuming.
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